Abstract. We prove that the streamlines and the profile of traveling deep-water waves with Hölder continuous vorticity function are smooth, provided there are no stagnation points in the flow. In addition, if the vorticity function is real analytic, then so is the profile of both solitary and periodic traveling deep-water waves. Finally, by choosing appropriate weighted Sobolev spaces, we show that the streamlines beneath the surface of a periodic traveling water wave are in fact real analytic, provided the vorticity function is merely integrable against a cubic weight.
Introduction.
In this paper we are concerned with the regularity of the free surface and of the streamlines of gravity water waves traveling above an ocean of infinite depth in both a periodic and solitary regime. We allow only for water waves traveling at a constant speed which exceeds the horizontal speed of individual fluid particles, so that the existence of stationary points is excluded. Moreover, considering water waves with general vorticity, the classical regularity result obtained for rotational waves in [26] is a particular case of our analysis.
It was Gerstner [16] who first found a family of explicit periodic deep-water waves having a nonzero vorticity which decreases rapidly with depth; cf. [5, 21] . This behavior was confirmed in a general setting in [8] where it is shown that steady periodic deep-water waves with a monotone profile between crests and troughs, propagating against a current with a vorticity that is nonincreasing and has bounded first order partial derivatives, must be symmetric and the vorticity has to be nonpositive and vanishing with depth. Later results concerning existence of traveling water waves with general vorticity can be found in [13] , small amplitude waves being obtained by using series expansion methods. The methods employed in [10] to prove existence of steady periodic water waves traveling above a flat bed and with a general vorticity function have been adapted in [31] to the infinite depth case. The author establishes therein the existence of periodic steady 394 BOGDAN-VASILE MATIOC deep-water waves with vorticity and having a single crest and trough per wavelength. It should be mentioned that we do not assume in this paper any kind of symmetry of the water waves we consider. Concerning existence of solitary deep-water waves we refer to [18] where existence of gravity-capillary surface waves on deep water is shown by using a variational formulation.
The study of the regularity of water waves is an interesting problem, which may serve as a rigorous justification when approximating small-amplitude waves by their truncated power series expansions. We refer to [7, 20, 29] where first-order approximations of the wave profile are considered when studying the paths of the water particles located beneath a periodic wave traveling above an ocean of infinite depth. The results of [7, 20, 29] are improved in [6, 11, 19] in the case of irrotational waves by describing the exact geometry of the actual particle paths.
Concerning the regularity of gravity periodic water waves of finite depth it is first shown in [9] that the streamlines beneath the surface of traveling waves having a vorticity function with Hölder continuous first derivative are real analytic. Even more, if the vorticity function is real analytic the authors prove that the wave profile is also real analytic. It should be mentioned that one can weaken the assumption on the vorticity function, cf. [30] , to prove analyticity of the streamlines underneath the wave profile for waves with merely bounded vorticity function. A similar result in this direction is obtained in [10] , where a general theory for weak solutions of the water wave problem is developed. The regularity results for gravity water waves of finite depth are shown to still hold true when considering capillary-gravity [22, 24] and purely capillary periodic waves [4, 23] .
The goal of this paper is to prove similar results for irrotational deep-water waves without stagnation points in both the solitary and periodic cases. In contrast to the finite depth case, when the main difficulties are caused by the regularity of the vorticity function [9, 10, 30] , or additionally by the nonlinearities due to surface tension [4, 22, 23] , in the present paper we have to deal with an unbounded geometry. As a consequence we lose compact embedding properties since Arzelà-Ascoli fails. Moreover, solution operators corresponding to elliptic boundary value problems are generally no longer Fredholm, cf. [28] , a situation which does not occur in the finite-depth case.
Our first main result, Theorem 2.1, states that a deep-water wave with Hölder continuous vorticity function has smooth profile and all streamlines underneath the surface are smooth. Moreover, if the vorticity is analytic, then so is the wave profile too. The first claim is proved by using a finite difference approach as in [10] to eliminate the vorticity function from the problem, while in the case of a real analytic vorticity function we employ a theorem from [25] . In order to prove our second main result, Theorem 4.1, we exploit the invariance of the problem with respect to translations in the horizontal coordinate. This property makes it possible for us to introduce an additional parameter into the problem, in a similar manner as in [3, 9, 15, 22, 23, 30] , and show, for periodic waves having a vorticity function which is integrable against a cubic weight, that the streamlines beneath the wave profile are real analytic. We shall prove this theorem by reducing the problem to the study of the invertibility of the solution operator to a certain elliptic Dirichlet problem, which suits the choice of weighted Sobolev spaces.
The governing equations.
Let (x, y, z) denote the standard Cartesian coordinates and consider water waves propagating in the x−direction such that the motion of the fluid is identical in the z-direction. The coordinate y is used to indicate the height of the particles within the wave. With this assumption, the water wave problem reduces to the study of a two-dimensional flow in the (x, y)−plane which is located in the region bounded by above by the wave profile y = η(t, x). To analyse at the same time solitary and periodic gravity water waves we set X to be either R or S, where S is the unit circle, and we identify functions on S with 2π−periodic functions on R.
We present now the equations governing our problem. By mass conservation we have
where (u, v) stands for the velocity field within the fluid domain
Furthermore, the influence of viscosity is neglected, so that the motion of the fluid can be described by Euler's equations:
where we use P to denote the dynamic pressure and g for the gravity constant. A justification for considering water as an inviscid flow is presented in [27] . At the wave surface we impose two kinematic boundary conditions:
Neglecting surface tension, condition (2.1c) is obtained by setting the pressure on y = η(t, x) to be equal to the atmospheric pressure P 0 , and the second condition (2.1d) relies on the assumption that particles located at the free boundary remain there for all times. For periodic waves we impose the far-field condition
meaning that there is no flow at great depths. On the other hand, for solitary water waves we replace (2.1e) by two conditions, since we must also prescribe the behavior of η at ±∞ :
Since we are interested in traveling wave solutions of problem (2.1), we presuppose that there exists a positive real number c, the speed of wave propagation, such that (η, u, v, P ) depend on (t, x, y) in the following way:
This hypothesis simplifies the problem (2.1) considerably and reduces it, in the case of periodic traveling waves, to the problem consisting of
and (2.1e) [resp. (2.1e ) for solitary traveling waves].
In the remainder of this paper we consider classical solutions (u, v, P, η) of (2.2) and (2.1e) [resp. (2.1e )] with the following regularity:
for some constant α ∈ (0, 1). The existence of water wave solutions in this class has been established in [31] for the periodic case. Finally, we presuppose that the wave has no stagnation points, that is,
Making use of the incompressibility condition and (2.4) we introduce the stream function ψ by the relation
The function ψ is twice differentiable, with derivatives ψ x , ψ y ∈ C 1+α (Ω η ). In fact ψ ≡ 0 on the wave surface y = η(x), ψ y = u − c < 0, and ψ x = −v in Ω η . The last relation is obtained by differentiating into the integral and using the mass conservation (2.1a):
A simple consequence of (2.4) is the fact that the streamlines, i.e. the level curves of ψ, are C 2+α −graphs over X. This may be easily seen by using the implicit function theorem together with (2.4). We show in our first main result, Theorem 2.1, that even more all streamlines are smooth. To prove this result we introduce the vorticity ω ∈ C α (Ω η ) by the relation
We show now that there exists a function γ ∈ C α ((−∞, 0]), called the vorticity function, which makes it possible to express the vorticity in dependence of the stream function, by the relation ω(x, y) = γ(−ψ(x, y)) for all (x, y) ∈ Ω η . In order to find γ, we transform the wave domain on the half-plane Ω := X × (−∞, 0) by using the hodograph transformation Φ : Ω η → Ω defined by
Condition (2.4) guarantees that Φ is indeed a diffeomorphism of class C 2+α . We proceed now and identify the vorticity function. Denote by ω the vorticity in the new coordinates, that is, ω := ω • Φ −1 . We make a change of variables and get, due to ψ y (x, y) = − det ∂Φ(x, y) > 0, that the distributional derivative of ω with respect to q satisfies
for all test functions φ ∈ C ∞ 0 (Ω). Note that the mapping φ := φ • Φ is no longer smooth, but it still has compact support. Taking into consideration that the Jacobian of Φ is given by
we obtain that
Euler's equations and the definition of the vorticity (2.5), integration by parts yields
In order to define the vorticity function, we choose a test function
is again a test function C ∞ 0 (Ω), and moreover, φ 2 (·, p) has zero integral mean for all p ≤ 0. Hence, the map φ 3 : Ω → R, defined by
with q 0 chosen such that it does not belong to the projection of the support of φ 2 on R if X = R [resp. q 0 = 0 if X = S] belongs to C ∞ 0 (Ω) and ∂ q φ 3 = φ 2 . According to ∂ q ω = 0, we have ω|φ 2 = w|∂ q φ 3 = − ∂ q w|φ 3 = 0, and so
where γ is the function
We have thus shown that ω = γ. In view of ω ∈ C α (Ω) and φ 1 ∈ C ∞ 0 (X) we conclude that the vorticity function γ is a Hölder continuous map, that is, γ ∈ C α ((−∞, 0]). Returning to the physical coordinates, we have shown that
for all (x, y) ∈ Ω η . Furthermore, by Bernoulli's principle, the quantity
is constant in Ω η , so that on y = η(x) we get |∇ψ| 2 + 2gy = Q, with some constant Q. Summarising, we found out that the function ψ solves the following problem: 6) which is equivalent to system (2.
2) The far-field condition (2.1e) may also be expressed in terms of ψ :
while (2.1e ) can be rewritten as
The first main result of this paper is the following theorem, saying that both solitary and periodic gravity water waves traveling above an ocean of infinite depth and having a uniformly Hölder continuous vorticity function are smooth and have smooth streamlines. Theorem 2.1. Let (u, v, P, η) be a solution of (2.2) and (2.1e) [resp. (2.2) and (2.1e )] satisfying (2.3), (2.4), and having a uniformly Hölder continuous vorticity function γ. Then, the wave profile η and all streamlines beneath the wave surface are smooth. Moreover, if γ is real analytic, then the wave profile η is also real analytic.
Proof. Assume that γ is a real analytic function. In order to apply the regularity results for free boundaries arising in elliptic problems, as presented in [25] , we define
Furthermore, the second and third boundary condition of (2.6) imply, cf. [9] , that
with ν the outward unit normal at ∂Ω − . Since
Consequently, we may apply Theorem 3.2 in [25] and the remark following it, and obtain that η is a real analytic function.
The smoothness of the streamlines and of η when γ is only Hölder continuous is a direct consequence of Proposition 3.1 below.
Proof of Theorem 2.1.
It is quite intricate to prove the remaining part of the assertion of Theorem 2.1 by using only the new formulation (2.6) since the vorticity function is merely Hölder continuous and the regularity of the domain Ω η depends on η. That is why we reformulate our problem by using the hodograph coordinates Φ. To do so, we let h : Ω → R be the function with h(q, p) := y for (q, p) ∈ Ω. In hodograph coordinates, (2.6) is a nonlinear boundary value problem for a quasilinear elliptic equation with h as unknown, Additionally, we can use h to define a parametrization of the streamlines of the gravity wave, since by the definition of h, we have that y = h(x, −ψ(x, y)) for all (x, y) ∈ Ω η , whence, the streamline ψ −1 ({−p}), with p ≤ 0, is parametrized by the map q → h(q, p). Since ψ −1 ({0}) is exactly the wave profile, which is the graph of η, we have that η(q) = h(q, 0), which explains the boundary behavior of h(q, 0) for |q| → ∞, when considering solitary waves. Note that though h is unbounded, it appears in the first partial differential equation (3.1) only through its derivatives, which satisfy
Furthermore, the vorticity function depends only upon the coordinate p, and
Thus, proving Theorem 2.1 reduces to showing that q → h(q, p) is smooth for all p ≤ 0. We will prove instead the stronger result, Proposition 3.1, which does not take into account some of the far-field boundary conditions satisfied by h. We shall state the result for X = R, the situation when X = S being a particular case of Proposition 3.1, whence, let Ω = R × (−∞, 0) in the remainder of this section.
Proposition 3.1. Let h : Ω → R be a solution of (3.1) with partial derivatives satisfying (3.3) and (3.4). Then, the mapping q → h(q, p) is smooth for all p ≤ 0.
Proof. We shall prove by using the induction principle that for all n ≥ 0,
The assertion when n = 0 follows directly from (3.3). In order to finish the proof, presuppose that (3.5) is true for all 0 ≤ k ≤ n and prove it for n + 1. Using the induction assumption, it is not difficult to see that it suffices to show that ∂ n+1 h/∂q n+1 ∈ C 2+α (Ω). To this end we define the rational functions a, b :
With this notation, h solves the following system:
The conditions (3.3) and (3.4) ensure that the first equation of (3.6) is uniformly elliptic. The induction assumption allows us to differentiate the system (3.6) n times with respect to q and find that h := ∂ n h/∂q n solves, if n ≥ 1, the following problem:
7) where a n , d n , c n are rational functions depending only on the derivatives ∂ (λ 1 ,λ 2 ) h with 1 ≤ λ 1 + λ 2 ≤ n + 1 and 0 ≤ λ 2 ≤ 2, while d n is also rational, but depends on the derivatives ∂ (λ 1 ,λ 2 ) h with 1 ≤ λ 1 + λ 2 ≤ n and 0 ≤ λ 2 ≤ 1. Furthermore, if we multiply a n , b n , c n , and d n by h n+3 p the products are polynomials in the above-mentioned variables. If n = 0, then h = h and h solves (3.6).
Then, for each l ∈ N, we consider the functions
We infer from (3.8) that w l ∈ C 2+α (Ω) (this estimate is necessary only for n = 0, because when n ≥ 1 we know from the induction assumption that h ∈ C 2+α (Ω)). We prove the assertion only when n ≥ 1 (the case n = 0 follows in a similar manner). Making use of the invariance of (3.6) with respect to translations in the q variable, we subtract from both equations of (3.7) the same relations but evaluated at (q + l −1 , p). If we divide the new identities by l −1 we observe that w l solves the elliptic boundary value whereby B 2−1/r rr (S) denotes the usual Besov space; cf. [32] . The main result of this section is the following theorem.
Theorem 4.1. Let α > 1/2 and pick a solution (u, v, P, η) of (2.2) and (2.1e) which has a Hölder continuous vorticity function γ ∈ C α ((−∞, 0]). We denote by h 0 the corresponding solution of (3.1) and (3.2a). Additionally, we presuppose that: .2), that is, when Ω = R × (−∞, 0). This constitutes an impediment when trying to apply the methods presented below in that case. In fact, a similar condition was imposed in [31] to ensure existence of periodic gravity deep-water traveling waves. Moreover, the second condition (ii) is satisfied by symmetric waves with negative and nonincreasing vorticity; cf. [31, Lemma 2.1] and [8] .
Since the streamlines are parametrized by h(·, p), p < 0, it suffices to show that the mapping a → τ a h 0 (q, p), (q, p) ∈ Ω, with τ a h 0 the translation introduced in [9] , that is,
is real analytic in a small neighborhood of 0 in R. The difficulty in our case is due to the unboundedness of Ω, since solution operators to Dirichlet boundary value problems are generally not Fredholm; cf. [28] . This is the reason why we chose to work within the weighted Sobolev spaces setting. Proof of Theorem 4.1. We begin by defining the operator F = (
for u ∈ X, where H and H are the first and second order derivatives of H, respectively. Note that with our choice of α we may pick r > 2 such that 1 + α > 2 − 1/r, meaning that C 1+α (S) ⊂ Z. By the definition of F , the function u 0 := h 0 − H ∈ X is a solution of F (u) = 0, whence, the condition (i) imposed on γ together with the Sobolev embedding W 2,r
we have the following formula:
By definition of Ψ and of the translation τ a , we easily see that the curve {(a, τ a u 0 ) : a ∈ R} consists entirely of solutions of the operator equation
, then we may apply the implicit function theorem to conclude that the curve {(a, τ a u 0 ) : a ∈ R} is real analytic in a neighborhood of a = 0, which implies the desired assertion.
Setting ∂ u Ψ(0, u 0 ) =: (L, T ), we have We may proceed now as in the proof of [28, Theorem 5.6] , and obtain in our particular situation that the operator (L, T ) is Fredholm exactly when the limit operator
q , tr), which is obtained by substituting each coefficient of (L, T ) by its limit as p → −∞, is Fredholm. Moreover, we have that the Fredholm index of these operators is the same. However, we infer from [2] that the limit operator is in fact an isomorphism, i.e., (L ∞ , T ∞ ) ∈ Isom(X, Y × Z). This shows that ∂ u Ψ(0, u 0 ) is a Fredholm operator of index zero. Using the strong maximum principle, we show that ∂ u Ψ(0, u 0 ) is injective. Indeed, if (Lu, T u) = 0 and u = 0, then u cannot achieve a positive maximum in Ω. Otherwise, we may regard u ∈ W [17, Theorem 8.19 ] implies that u is constant, in contradiction to u ∈ X. On the other hand, if u does not attain its supremum, there exists a sequence (q n , p n ) with p n → −∞ and ε > 0 such that u(q n , p n ) > ε for all n ∈ N (u ∈ X implies that u is uniformly continuous). Hence, we may find δ > 0 such that still u(p, q) > ε/2 if (p, q) ∈ [q n − δ, q n + δ] × [p n − δ, p n + δ], in contradiction with u ∈ X. Consequently, ∂ u Ψ(0, u 0 ) is an isomorphism, and the desired assertion follows from the implicit function theorem.
